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Fig. 1b:  Normal with sigma=1.0, n=30

sum

80
th

 p
er

c 
of

 m
ax

-20 -10 0 10 20

2.0

2.2

2.4

2.6

2.8

3.0

3.2

3.4

LOW END
MIDPOINT
HIGH END

���������
	������������������	���������������� �"!���#
����	"��$%����!&� ��� ����	'#(��)*��+�$,����!��.-��(!%/(	"�0�1�23!&�
)4$&+5����#6���(�����87
����!��9�������;:=<>�&@?@��$,-���#A#(��)*��+B$,�
	"���C$,�D$E-�+�!,�
��	F�G$&��$&����#6�3�
��	H+�!I�KJL#(!�+���� +�����	IMONC)E����-P!����Q�
JL#(��!��6�3��$&#
��	F� +�����	IMONC$,���9�������RJS+�!����T�C$,#
��	F� +�����	IMU	"��� !&VW����	X�����Y

Z ����	F�[��#(#
��	F#[��!*�(	"#
!&+�\�	@$&�
	@#(-]	F�"��^C�A��!'������#[#
��)*��+B$%����!&�Y��J_�%Ma`b!I�c�
!*��	"$&+]�������d�
��	AVe$&�0�
����$,�[����	@�����&��	"�[!&�
��	F�[	0f8-C$&��#
��!&�.!&Vg����	@�F!�����������!��C$&+P��	"��#
���ihd��#a��!&��$*-��(!�-P	"�[��	F��#
���ihPj����C$%�

k�l



3J5/��^|L;@�5OLNXF>�hK9;I6C4>E5�36<�7�9KMAPR>�M4>/ry9K<?3�hN>g9;M4D0D4L�>/5UM=L;<oM=>E7E>/5H5H9;@H36I6}F3JMy<?>/rN@?9�<?>�<?LFtNj�s ;;x6! 2�9�<
^|LN@OX¢L;^XNPF9;M4DnTV�<HL�C45H>�3JM"<H24>_7ELNM4D=36<?36LNM�9;I�D4>EM=5H36<T};j
hd^ SU>_IJL�LNk"9K<,<H24>�^|LN@HX L;^�<?24>_>�Z�:�9KM45H36LNM	L;^�<?2=>�7/LNM4D43�<?36LNM�9;I�D4>EM45O36<T}

� D YF � W YF s! p [�xX0  � s! =x � sft*� [�s � H
( � t[x TU
: 7/' � vB�

SU>{5O>E>*<?2�9�<W^|L;@�5HLNXF>�hK9;IJC4>/5(L;^  R�g<H243J5�> Z�:�9;M45O3JLNM¡L;^�<?24>�7EL;M4D436<H3JLNM49;I�D4>/M45H3�<T} 7�9;M¡PR>
M4>/ry9K<?3�hN>Kj 1�L�@H>/7/<H36^±}�<?2=3J5 :4@HL;P4IJ>/XG�[So>o9;7/<HC�9;I6I6}n:=@HLNrN@H9;X 9gD=3*)�>E@H>/My<q^|LN@OX L;^=<H24>�>�Z�:�9;M45O3JLNM�j
��36M47E>&<?24>U243Jr;24>E@ LN@OD4>E@ <?>/@HX 3J5 7EL;Mf<?9;3JM=>ED�36M�<H24>U7/LNM4D43�<?36LNM�9;IyXF>�9;M��K3bj >Kjq36M �As -/ p =>10 ��Nx��
<?2=3J5,3J5,<H24>�<?>E@OX LNM(S�243J782WSo>�S�365H2(<?L�^|L�7/C45�LNC4@�9K<H<H>EMy<?36LNM j6hTM45B<?>E9;D	L;^ :4C4I6IJ3JM=r�<?24>_2436rN24>/@
LN@OD4>E@&<?>/@HX�LNC=<U3JMF<?24>���M�9;IR1q9�}�I6LN@&>�Z�:�9;M45O3JLNMA3JM0<H24>�D4>E@O36hK9K<?36LNM �ySU>�IJ>E9�hN>�3�<�LNM0<H24>g36M45H36D4>;j
��:R>E7/36��7E9;IJI�}N�fSo>�C45O>n<?24>�243JrN2=>E@�LN@OD4>E@o>�Z�:�9;M45O3JLNM�LK^�<H24>n7/LNM4D43�<?3JL;M�9;IRX0>E9;M�9;M4D"hK9;@O3i9;M=7E>n36M
<?2=>\D4>EM=5H36<T}GL;^ - 5 p = 5 9KM4D�24>/M47E>K� 5H36M47E>�SU>\C45O>�<?2=>\M4LN@OXA9;I D4>/M45H3�<T}G^|L;@(- 5 p = 5 ��9A:4@HL;:�>/@
D4>/M45H3�<T}N�[So>�rN>/<�9,M4L;M��TM4>/ry9K<H36hN>$^|C=M47/<H3JLNM ��9;I�<?24L;C4rN2n<?2=3J5 ^|LN@OX D4L�>E5�M4LK<qM=>E7E>/5H5H9;@H36I6}n36My<?>Er;@?9K<H>
<?L�L;M4>;j���L;<?>\SU>�7�9;M�@O>E5H7E9;IJ>\<HL�7ELNXF:R>EM45H9K<?>�S�24>/M�<H24>�>�Z�:�9;M=5H3JL;M�D=L�>/5�M4L;<_3JMy<H>ErN@H9K<?>�<HL
LNM4>Kj&1,2�C=5�^|LN@�<H24>_>�Z�:�9;M=5H3JL;MGL;^�<?2=>�7/LNM4D43�<?36LNM�9;I�D4>EM45O36<T}(L;^C= 5 p - 5 �=SU>�:4@HLNr;@?9;X

� D YF � WdYF s! p [�x��  �±s! =x � ~c�±s��yx
~ � s\[nx

S�24>/@H>*~ � 365�<?24>_M4LN@OXA9KI D4>EM=5H36<T}�9;M4D
�10 7/" e : 79'��U[ �us�s\7&�Vt�x "&s���;x e���Kv s\7�� t[x '&s �?;x �

�gL;<H>F^|@OLNX�LNC4@_M4LK<89K<H3JLNM�3JM�<?24>F:4@O>/h�3JLNC=5�782�9K:=<?>/@�SU>A2�9�hN> "�0 ���l� ' � 0 �1N��4sL��x��
"&s���;x`0 �As�� p � � �?Nx �¥9;M4D&' � s���;x`0 �1N �=s�� p � � �?Nx�j

1,2fC45&36<$365q<H24>�wPRK<H2�:�>/@H7E>/My<?3JI6>oL;^¥<H243J5 ^|L;@HX L;^¥<?24>o7ELNM4D=36<?36LNM�9;I�D4>/M45H3�<T}�<?249K<.3J5q>/hK9;I6C�9K<?>/D
3JM�<H24>_5H3JX�C4Ii9K<H3JLNMA:4@HL��O>/7/<Ej
� 3JM49;IJI�}N� PRL;<H2 N_�9;M4D TU�7/LNMy<?@O3JP4C=<H>A<?L�<H24>"> Z=:49;M45H36LNMQL;^,<?2=>�7ELNM4D=36<?36LNM�9;I&XF>�9;MQ9KM4D

hK9;@H3J9;M47/>"<?24@OLNC4rN2��?�� "&s��?Nx\9KM4D ' � s �?;x��U9;5�7�9KMYPR>�5H>/>EMY<H24@HL;C4rN2l^|LN@HX�C4Ii9;>�s ;�j w�2yx\9KM4D
s ;�j wyv;x�3JM�<?2=>A��>E7/<H3JLNM ;�j � j\1,2=>�^|L;IJIJL�S�36M4rA^|LN@OX05nLK^U<H24>E5O>F<TSULGM=LN@HX09;IJ36 E36M4r07/LNM45B<89;My<?5�9;@O>
C45O>ED	36M�<?24>_:4@OLNrN@?9KX,-

TV�5OC4782G<H2�9K<��lIJLNr�s<�0s<TUyxOx60 t
7

uyv



9;M4D
NP10 & s\TUyx60 �	IJLNr¥s\�As\TUyxOx�$s\TVNx

S�24>/@H>(� 7ELN@O@H>/5H:RLNM4D45o<HL�<H24>�C4M=D4>E@OI6}�3JM4r�D43J5B<?@H36P4C=<H3JLNMFP�>/3JM4r�5H36X\C4Ii9�<?>ED09;M4D��G3J5&<?24>g7ELN@O@H> �
5H:RLNM4D=3JM4r�D4>/M45H3�<T}Nj`hTM(:�9;@B<?3J7/C4Ii9K@E�f^|LN@�>�9K782WLK^�<H24>�C4M4D=>E@HI�}�3JM4r�D4365O<H@H3JP=C=<?36LNM45E��So>n�4@H5O<�36MyhN>E@B<

��IJLNr�s<�0s<TUyxOx60 t
7 s ;�j�tI;NvNx

<?L�5OLNI6h;>_^|L;@*TV=j

1,24>EMW<?24>�^|LN@OX\C4IJ9�^|LN@*NP�5H36X0:4I636��>/5o<?L

NP10 t
7%�$s<TUNx s ;�j�tI;;wyx

�gL�S ^|LN@�>�9;782YD43J5B<?@O3JP4C=<H3JLNM��$So>WC45H>W36<H5�D4>EM=5H36<T}l9;M4D 5HC4P45B<?3�<?C=<H>(<H24>nTV*SU>(5HLNI�hN>/DY^|LN@�36M
s ;�j6tI;;vNx�3JMy<?L�s ;�j�tI;;wyxo<HLA5HL;I6hN>�^|LN@oN_�j�1,2fC45�^|LN@�>�9;782	D43J5B<?@H36P4C=<H3JLNM �4SU>�7E9;M�> Z=:=IJ3J7/36<HI6}�5OLNI6h;>
^|LN@,PRL;<?2 TUF9;M4DnNP=j

���
	��"& ��	 ��� ��!#�

�o>�^|LN@H>�SU>g36Mfh;>E5B<?3JrN9K<?>�<?24>�X09;3JM���M4D=3JM4rN5�L;^�<?24>�5H36X\C4Ii9�<?3JL;M�:4@HL��O>/7/<E��<H24>E@O>�3J5&LNM=>gXFLN@H>
3J5O5HC4>�<HLF@H9;3J5O>;j

hTM{>E9;782�LK^U<H24>�<?24@O>E>�C4M4D4>/@HI�}�36M4r(D43J5B<?@O3JP4C=<H3JLNM=5E� 3�<?5nhK9;@H3J9;M47/> �K5O2�9;:R>F:49;@?9;XF>/<H>E@�365_9;IJ5OL
hK9;@H36>EDV36Ma<?2=>�5H36X\C4Ii9�<?3JL;M j 1,2=>*rN@?9;:=245"5H2=L[S�<?2=>�5?9;XF>	L�h;>E@?9KIJIg^|>E9K<?C=@H>E5A>�Z�7E>/:=<G9;5A<?2=>
hK9;@H3J9;M47/> �K5O2�9;:R>o:�9;@H9;XF>/<?>/@ 36M47E@O>�9;5O>E5 <H24>E@O>,9;@H>UX0L;@H>�>�Z�<?@O>EXF>�>/h;>EMy<?5/j.1,243J5$249;5$9g<H>EM4D=>EM47�}
<?L_9 )�>/7/<.rN@O>�9K<HI6}_<?2=>�C4:4:R>E@�s 9;M4D�IJL�SU>E@?xqP43JM=5 3JM\<H24>�5O3JX\C4IJ9K<?36LNM j�1,24>/M�S�2�9K<&D4LNXF3JM49K<?>/5q<?2=>
rN@H9;:42�365�M4L;<�<?24>\PR>E249�h�36LN@�L;^.<H24>\2436rN24>/@�LN@OD4>E@g>�Z�:�9;M45O3JLNM*L;@�36<H5n9;5B}�X0:=<HL;<?367�7/LNC4My<?>/@H:�9;@B<
9K<,<H24>_7E>EMy<H>E@�L;^q<H24>_5HC4:=:�LN@B<�P4C=<�@?9K<H24>E@,<H24>_e�C=3J@Hky}�PR>E249�h�36LNC4@�9K<�<?2=>�L;C=<?5O3JD4>�P436M45Ej

�gL�S 5O>/h;>E@H>/I6}*<H243J5�5O24L�S�5�C4:�36M�<H24>�rN@H9;:4245_D4>/:�>/M4D45_LNM�<?24>�C4M=D4>E@OI6}�3JM4r(D4365O<H@H3JP=C=<?36LNM j
mo2�9;M=rN3JM4r\<H24>nhK9;@H3J9;M47/>�^|LN@o<H24>+�gLN@OXA9KIR^ 9;XF3JI�}�D4L�>E5,M4L;<,9;I6<H>E@o<H24>�P�>/2�9�h�3JLNC4@oL;^ <?24>�5O3JX\C��
Ii9�<?3JL;M ��L;M4I6}F<?24>nh;>E@B<?3J7E9;I 5O7�9;I6>nL;^�@H>/5HC4I�<?5Ej&1,24>�!{>E36P4C4I6I�D4365O<?@O3JP4C�<?3JL;M"3J5�XFLN5B<�9�)�>E7/<H>ED�S�36<H2

uNw



<?2=>gIJ9;5O<&<TSUL�P436M45&D4LNXF3JM�9K<H3JM4rn<H24>�@H>E5OC4I6<H5Ej$1,2=>���LNrNM4L;@HX09;I=^ 9;XF3JI�}�5O24L�S�5oXFL�D4>/@?9K<H>�> )�>E7/<H5
<?L�<?24>g3JM47/@H>E9;5H>Kj6� 3Jr;C4@H>�;�j ;Asb9�j x ��s|P j x���s 7;j x��=9;M4D�s D j x�5H24L�S <?2=>���LNrNM=LN@HX09;I�D4365O<?@O3JP4C�<?3JL;M�^|L;@
� S�24>/@H>\I6LNr¥sL��x*0��

�
~ s�"C�U' � x�j�hTM�9;I6I 7�9;5O>E5E� " 0 RA9;M4D�'�hK9;@O3J>E5�<?24@OLNC4rN2�R�jx;����9R=j(�dR=�

tNj R=��9;M=D ;�j R=j
�gL;<H>�36M07E9;5H>/5oS�24>E@O>g<H243J5�782�9;M4r;>�3JMFhK9;@H3J9;M47E> �K5H249;:�>�:�9;@H9;XF>/<?>/@o9 )�>/7/<?5&<?2=>�@H>/5HC4I�<?5/��<?2=>

2436rN24>E@,L;@HD4>/@�<H>E@HX¢rN36h;>E5�9F:RL�LN@H>/@��4<g9;5,<?24365�:49;@?9;XF>/<H>E@,36M47E@O>�9;5O>E5EjU1,243J5�@O>E5HC=I6<?5,S�24>/M	<?2=>
hK9;@H3J9;M47/> �K5O2�9;:R>�:�9;@?9KX0>�<?>E@�782�9;M4rN>/5_3JM�<?2=>�� L;rNM4LN@OXA9;I 9;M4D�!{>E3JP=C4IJI�D43J5B<?@O3JP4C=<H3JLNM	5HL�<?2�9�<
<?2=>�D=3J5O<H@H36P4C=<?36LNM45�PR>E7/LNXF> �B^ 9;@B<?24>/@ �F9�S�9�}�^|@OLNX <H24>��gLN@OXA9;I�D43J5B<?@H36P4C=<H3JLNM j

��LW9;5�M4L;<�<?L�@HC=M�36My<?L"<?2=3J5nIJ9;@HrN>�D4>/h�3i9�<?3JL;M�3JM*5O7�9;I6>\3JM�<H24>�LNC=<H>E@�P436M45E� SU>\S�3JI6I�<H@O}	<HL
C45O>n:�9;@H9;X0>�<?>/@H5o36M">�9K782"^ 9;X036I6}\S�2=3J782A^|L�7EC45U<?24>n@O>E5OC4I6<H5U<?L�<?24>n7/>EMy<?>/@�L;^�<H24>nrN@H9;:4245/j`�gL;<H>
SU>A9;I65HL(:4@O>E5H>/My<\@H>/5HC4I�<?5�^|LN@�<?2=>�!{>E36P4C4I6I$D43J5B<?@O3JP4C=<H3JLNM�S�3�<?2 � 0 �u0�t;� <H24>��$Z�:RLNM4>/Mf<H3i9;I
D4365O<?@O3JP4C�<?3JL;M j�1,243J5_:�9K@O<?367EC4IJ9;@�D4365O<?@O3JP4C�<?3JL;M*3J5�M4L;<�9(X0>/X\PR>E@�L;^,moLN24>EM � 5"sBt�uNwP;Nx�7EIJ9;5H5��1|
<?249K<\365E�.D4L�>E5\M=L;<�^|C4I���IJI.<H24>�9;5O5HC4XF:=<?36LNM45\36M{<H243J5\78249;:=<?>/@Ej !{>"3JM=7EIJC=D4>0<H243J5\> Z=9;X0:=IJ>A5OL
<?249K<,So>�X09�}A7ELNXF:�9;@O>_36<�<HL�<H24>(!�>/3JP4C=IJI&s � 0 tP� � 0 tI]P;;xo7�9;5O>;j

1,24>�@H>E5OC4I6<H5�9;@H>�-
tNj x>�q3JrNC4@O>�;�j/�*s 9=j x �&s P�j x �&s 7Kj x � 9;M4D s D�j x*5H24L�S�5_@H>/5HC4I�<?5�^|L;@�<?24>f�gLN@OXA9;I�D4365O<?@O3JP4C�<?3JL;MGS�36<H2
"n03R�9;M4D ' 0 t�^|LN@O7 0 �PR=�/2PR=� uPR=��tI;dR�j
;�j x � 3JrNC=@H>�;�j � s 9=j x ��s P�j x ��s|7;j x��&9;M=D¡s D j x 5O24L�S�5�@H>/5HC4I�<?5\^|LN@�<?24>���LNr;M4LN@HX09;I�D43J5B<?@O3JP4C=<H3JLNM
S�36<H2(M4LN@HX09;I :49;@?9;XF>/<H>E@O5O" 0 R09;M=DG9KM4Dn'l0cR}�0�dR\^|LN@O7%0 �PR=�/2PR=� uPR=��tI;dR=j
�=j x � 3Jr;C4@H>f;�j0�	sb9=j x��$s P j x��&s|7;j x���9KM4D s D j x	5H2=L[S�5_@O>E5HC=I6<?5g^|LN@g<H24>.!{>E3JP=C4IJI�D43J5B<?@O3JP4C=<H3JLNM(S�36<H2
� 0 t�9;M4D ��0 tI]P;�^|LN@O7 0 �PR��(2PR�� uPR��6tI;ZR=j
� j x � 3Jr;C4@H>f;�j(2�sb9=j x��$s P j x��&s|7;j x���9KM4D s D j x	5H2=L[S�5_@O>E5HC=I6<?5g^|LN@g<H24>.!{>E3JP=C4IJI�D43J5B<?@O3JP4C=<H3JLNM(S�36<H2
� 0 � 0 t�	 � Z�:�L;M4>EMy<?3J9;I�7�9K5H> � ^|LN@O7%0 �PR=�/2PR=� uPR=��tI;dR=j

���
	��
	  ��%�� ��� �#� ��% �

hTM*9;I6I�7�9;5O>E5/��<?24>�5HC4X�9;M=D	<?24>�XA9[Z=36X\C4X D=L"M4L;<gP�>/2�9�hN>�36M4D4>E:R>EM=D4>EMy<?I�}Njo��L�LNkf36M4rA9�<
<?2=>\hN>E@B<?367�9;I.5O7�9;I6>\C4M4D4>/@�9;IJI�<?24@O>E>�C4M4D4>/@HI�}�36M4r�D4365O<?@O3JP4C�<?3JL;M45E��<H24>�PR>E2�9�h�3JLN@�XFL�hN>/5n<?L�S�9K@HD

uNu



3JM=D4>E:R>EM4D=>EM47/>d|o<H2�9K<\365E� <H24>�5HI6LN:R>AL;^,<H24>"5H36X\C4IJ9K<?>/D�D�9K<?9	D4>E7/@H>E9;5H>/5FP=C=<�>/h;>EM 9K<.7 0\tI;dR=�
SU>�7�9KM�7EI6>�9;@OI6}�5O>E>�<H24>�D=>E:R>EM4D4>/M47E> 
W90:RLN5O36<?3�hN>�5HI6LN:�>Kj���>E>.� 3Jr;C4@H>/5gu��6t ����9KM4D�t[v�j ��>EM47/>
SU>�7E9;M�7EL;M47EI6C4D4>n<?249K<,C4M4D=>E@,<?24>/5H>_7EL;M4D436<H3JLNM=5oC45O3JM4r\<H24>_9;5O}�XF:=<?LK<?3J7�@H>E5OC4I6< 
A<H24>nI63JXF36<?36M4r
¤�C4X\PR>EI�wPR�<?2(:�>/@H7/>EMy<?36IJ> 
fSULNC4IJD(M4LK<gPR>_9;:4:=@HLN:4@O3i9K<H>;j

1,243J5$SU>�5H>/>�36M�9;IJI�7�9;5O>E5 -$1,24>,IJ36X03�<?36M4rn¤�C4X\PR>EI�D4L�>E5.M4L;<�9K:4:�>E9;@ <HL�PR>�9nrNL�L�D\�=<�j ~ 5`7
3JM=7E@H>E9;5H>/5$XFLN@H>�L;^�<?2=>o5H36X\C4IJ9K<?>/D�D�9K<?9g7/@HL�S�D45$<?L�So9;@HD�<?24>�¤�C4X\PR>EI�IJ36X03�<�3JM�<?24>o7E>EMy<H>E@Ej 1,24>
hN>/@O<H3J7�9KI�5H7E9;IJ>�2�9;5�PR>E>/M"�=Z�>ED�^|LN@o>E9;782(D43J5B<?@O3JP4C=<H3JLNMF<?L\5O24L�S <H243J5o5H24@O3JM4k�9;rN>�9;5 7�36M47E@O>�9;5O>E5/j
! 2�9K<�SU>_D4L05O>E>�^|LN@�9;I6I%7�3J5�<H2�9K<,<?2=>�¤�C4X\PR>EI�3J5,LNM4I�}�@H>/IJ3J9;P4IJ>�9K<,<?2=>�7/>EMy<?>/@

� 3JM49;IJI�}n^|LN@q9;IJIfC4M4D=>E@HI�}�3JM4rgD43J5B<?@H36P4C=<H3JLNM45q9;M4D�^|LN@$9;I6I_7"7EL;M45H36D4>E@O>ED�24>/@H>;�K<?24>U243JrN2=>E@ L;@HD4>/@
>�Z�:�9KM45H36LNM":4@OL[h�36D4>E5U9�PR>/<O<?>E@��4<�jXhd<o365o9;I�S�9�}�5o7/IJLN5O>E@&<?L�<?24>�5H36X\C4Ii9�<?>EDFD�9K<?9=jChTMF^ 9;7/<U>�Z�7E>/:=<
^|LN@09{^|>/S P=3JM45A9K<0<H24>�I6L[SU>E@A9;M4Da<H24>	C=:4:�>/@A>/M4D45E�,<H24>�2436rN24>E@FLN@OD4>E@0>�Z�:�9;M45O3JLNMY^|LNIJI6L[S�5
<?2=>�P�>/2�9�h�36LNC4@nLK^�<H24>�5H36X\C4IJ9K<?>/D�D�9K<?9AhN>E@B}*7EI6LN5H>/I6}G3JM�<H24>��gLN@OXA9KI 9;M=D ��LNr;M4LN@HX09;I 7�9K5H>E5/j
~ I�<?24L;C4rN2(<?24>�9;:4:4@OL�Z�36XA9K<H3JLNM�D=L�>/5�M4L;<��4<�<?2=>�5H36X\C4IJ9K<?>/DWD49K<89�S�36<?2 !�>/3JP4C=IJI�s � 0 tP� �>0
tI]P;;x$9;5$So>/IJI¥9;5&36M\<?24>,��@O5O<&<TSoL�7�9K5H>E5/��3�<.5O<H3JI6I43J5.9KM036X0:4@OL�hN>EXF>EMy<&L�hN>/@�<H24>,IJ36X03�<?36M4rn¤�C4X\PR>EI
7�9K5H>;j+hd<�365�36Mf<H>E@O>E5O<H3JM4rA3JM	<H24>,� Z�:�LNM=>EMy<?3J9;I 7E9;5H>K� � 3JrNC=@H>.;�j(2���<?249K<n<?2=>�9;:4:4@OL�Z=36XA9�<?3JL;MW�4<H5
<?2=>�5O3JX\C=Ii9K<H>ED(D�9K<?9�PR>/<O<?>/@�<H2�9;MW3JM � 36rNC4@H>(;�j0�\S�2436782	9;7�<?C�9KIJI6}0PR>EIJL;M4rN5�<?LAmoLN24>/M � 5\s t�uNw_;Nx
7EIJ9;5H5`��jB�gL;<H>�<?24> � Z�:�L;M4>EMy<?3J9;I4D4365O<H@H3JP=C=<?36LNM�P�>/IJLNM=rN5$<?L�moLN2=>EM � 5ns t�uNw_;;xq7EIJ9;5H5 �,jd! 24>/M0<?2=>
C4M4D=>E@HI�}�3JM4r�D43J5B<?@O3JP4C=<H3JLNM_PR>EI6LNM4rN5�<?L�7EIJ9;5H5 �,��<?24>�XA9[Z=36X\C4X 2�9;5q9�^ 9;5B<?>E@�@?9�<?>&L;^47/LNMyhN>/@HrN>/M47E>
<?L(<?2=>F> Z�<?@H>/X0>�hK9;IJC=>�D43J5B<?@H36P4C=<H3JLNM j�1,2=>036X0:4I63J7E9K<?36LNMG^|LN@n<H243J5_5O3JX\C4IJ9K<?36LNM�:4@OL��O>E7�<�365n<?2�9�<
<?2=3J5o@H9K<?>gL;^�7/LNMyhN>E@OrN>EM=7E>�<?L�<H24>n9K5O}�X0:�<?L;<H3J7�> Z�<?@H>/X0>�hK9;IJC4>gD43J5B<?@O3JP4C=<H3JLNMF2�9;5o9;M"36X0:�9K7/<ULNM
<?2=>F> )�>/7/<H36hN>/M4>E5O5�L;^U<?24>�2436rN24>/@�LN@HD4>/@�<?>E@OXGj � Pyh�3JLNC=5HI6}�3JM�9;IJIq7�9;5O>E5/�q<?2=>��=<�PR>/<TSU>E>/M�<?2=>
5H36X\C4IJ9K<?>/D(9;M4DG9;:4:4@OL�Z�36XA9K<H3JLNMA3JXF:4@HL�hN>/5�9;5,<?24>_5?9KX0:4I6>n5H36 E>_PR>E7EL;X0>/5�IJ9;@Hr;>E@Ej

!�>F7EL;M47EI6C4D4>�<?2�9�<�9;D4D436M4r�<?24>F243Jr;24>E@�LN@OD4>E@_> Z=:49;M45H36LNM�5H3Jr;M436��7E9;My<?I�}�3JXF:4@OL[h;>E5�<?2=>��=<
^|LN@U9;IJI¥5H9;X0:=IJ>�5H3J />E5,9KM4DA^|LN@o9;IJI¥C4M4D=>E@HI�}�3JM4r�D43J5B<?@H36P4C=<H3JLNM45/j 1,2fC45,3�^�LNM4>gM4>E>/D45�<?L�X0L�D4>EI¥<?2=>
5HC=X LN@�X09�Z�3JX\C4X�9KM4D"2�9;5U3JM=^|L;@HX09K<?36LNM�LNMA<?2=>�L;<H24>E@U@?9;M4D=LNX h;9K@H3i9KP4IJ>�LN@�S�9;My<H5o<?L\XFL�D4>EI
PRL;<?2�h;9K@H3i9KP4IJ>/5�5O3JX\C4I�<89;M=>ELNC45OI6};��L;M4>A5O24LNC4I6D�3JMy<?@OL�D=C47E>�<?24>0243Jr;24>E@�LN@HD=>E@�<H>E@OXGj(1,24>0M4>/S
XFL�D4>/I�S�3JI6I�rN3�hN>�9�7EI6LN5H>/@��=<,<?L�<?24>_D�9�<89=j

t RPR



(a.) Sigma=0.25

sum

80
th

 p
er

c 
of

 m
ax

56 58 60 62 64 66 68

1.7

1.8

1.9

2.0

2.1

2.2

2.3

Simu
Gumbel
Approx

(b.) Sigma=0.50

sum
80

th
 p

er
c 

of
 m

ax

55 60 65 70 75 80

3.0

3.5

4.0

4.5

5.0

Simu
Gumbel
Approx

(c.) Sigma=1.0

sum

80
th

 p
er

c 
of

 m
ax

100 150 200

10

20

30

40

50 Simu
Gumbel
Approx

(d.) Sigma=2.0

sum

80
th

 p
er

c 
of

 m
ax

500 1000 1500

0

200

400

600

800

1000

1200
Simu
Gumbel
Approx

� 36rNC4@H>a;�jx;$- � )�>/7/<�L;^ 36M47E@O>�9;5O3JM4r_5B<89;M4D49;@HDFD4>/h�3J9K<?36LNM�S�36<?2=3JM�C4M4D4>/@HI�}�36M4r_D43J5B<?@O3JP4C=<H3JLNM�jX��LNrK�
M4LN@OXA9KI$D43J5B<?@O3JP4C=<H3JLNM�S�3�<?2�5O<?9;M4D�9K@HD�D4>/h�3i9�<?3JL;M -Fsb9yx(R=j ;�����s|P¥x(R=j(�dR=�Us 7�x�t;j R=��s|D¥x+;�j R=j�1,24>
5HL;IJ3JDYIJ36M4>G@O>E:4@O>E5O>EMy<?5�<?2=>�5H36X\C4Ii9�<?>EDYD�9K<?9S|g<H24>�5H2=LN@O<AD�9;5H2=>ED IJ36M4>G@O>E:4@O>E5O>EMy<?5�<?2=>*¤�C4X��
PR>EIoI63JXF36<
|.9;M4D�<H24>�IJLNM=r�D�9;5O24>EDQIJ36M4>F@H>E:=@H>E5O>EMy<?5�<?2=>"243Jr;24>E@\L;@HD4>/@�9;:4:4@OL�Z=36XA9�<?3JL;M�L;^�<?2=>
7EL;M4D436<HLNM�9;I�D4>EM45B<?3�}Nj

t R=t



(a.) Sample Size 30
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c 
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3.0

3.2
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(b.) Sample Size 60
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-20 -10 0 10 20
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2.6

2.8
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(c.) Sample Size 90

sum
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(a.) Sample Size 30
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25 30 35 40 45
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4.5
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(b.) Sample Size 60
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55 60 65 70 75 80
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(c.) Sample Size 90
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th

 p
er
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90 100 110 120
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Simu
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(d.) Sample Size 120
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120 130 140 150
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Approx
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(d.) Sample Size 120
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� 36rNC4@H> ;�j(�$- � )�>E7�<?5�L;^,5?9KX0:4I6>�5H3J />0L;M�>�Z�:�9KM45H36LNM�L;^ �OLN3JMy<�D4>EM=5H36<T};j�!�>/3JP4C4I6I.D43J5B<?@O3JP4C=<H3JLNM
S�36<H2 � 0�t09;M4D � 0ptI]P;(9;5_5?9;XF:4IJ>�5O3J />F36M47E@O>�9;5O>E5_^|@HLNX�-Fsb9Nx �dR=�Us P¥x 2PR=�Us|7�x�uPR=��<?L�s D�x
tI;dR�j�1,24>�5HLNI63JDWIJ3JM=>�@H>E:=@H>E5O>EMy<?5n<H24>�5H3JX�C4Ii9K<H>ED(D�9K<?9S|�<?24>�5H24L;@O<gD�9;5H2=>ED�I63JM4>�@O>E:4@O>E5H>/My<?5n<?2=>
¤�C4X\PR>EI.IJ36X03�<	| 9;M=D�<H24>0I6LNM4r(D�9;5O24>ED�IJ3JM=>�@H>E:=@H>E5O>EMy<?5�<?24>F243Jr;24>E@_LN@OD4>E@�9;:4:=@HL�Z�3JX09K<?36LNM*L;^
<?2=>�7/LNM4D43�<?36LNM�9;I�D4>EM45O36<T};j

t R �
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(c.) Sample Size 120
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s; HKSIHiJL=GHi=NA\WX;�A\C�;BMPE8MPC[C@HKO|_²SBbBM�=NW�=@?LM�coA\CNC[A\;Bz®SIHi=@H®QxAD=N?BA\;�M�HKEG?�_KM�HKO8�H�Wi=FM8UKMPO|_�_XMPHKOF?IHiCFH�E8WXc9JLV\M8=NM�SBHKA\V^_�ONMPE8WXONS �LAl� MK�^� =@?BM�;�bLcgw�M8OFWK`�SBH'_�C5AD;,H§_KM�HKO .�HKE8=NbIHKVDVD_
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¤I;BM®¥����sHKCg=N?BM>=@WK=@HKV�AD;²_XM�HiOok{Hi;BS V\M8=}=N?BM>coM�HK;²=@Wi=GHKVRO@HKAD;L`¶HKV\VZA\;�_KM�HKO�k ´ wBHKCNM8S WX; ±
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Annual Max precipitation to Annual total precipitation

(a) Region 1: Berkeley, CA (#40693)
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(b) Region 2:  Caldwell, ID (101380)
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(c) Region 3:  Le Mars, IA
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(d) Region 4: Eastport, ME
total

m
ax

3000 4000 5000 6000

100

200

300

400

•

•
•

•

••

•

•

••

•

••

••

•

••

•

•

•
•

•

••

•
•

•
••
•

•

•

••

•

•

•

••

•
• •

••

•

•
•

•

•

•

•
•

•

•

•

•

•

•

•

•
•

•

•

•

•

•

•

•

•

•
•

•

•

•

•

•

•

•

•

•

•
•

•

•

•

•

•

•
•

•

•

•

•

Annual Max precipitation to Annual total precipitation

(e) Region 5: Savannah, GA (97847)
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Annual Max Precipitation: Region 1

(a) Region 1:  Berkeley, CA (40693)
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(b) Region 2:  Caldwell, ID (101380)
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(c) Region 3:  Le Mars, IA (134735)
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(d) Region 4:  Eastport, ME (172426)
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(e) Region 5:  Anderson, South Carolina (#380165)
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Annual total precipitation: Region 1

(a) Region 1: Berkeley, CA (40693)
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(b) Region 2:  Caldwell, ID (101380)
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(c) Region 3:  Le Mars, IA (134735)
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(d) Region 4:  Eastport, ME (172426)
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(e) Region 5:  Anderson, South Carolina (#380165)
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(a) Albany, Texas
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(b) Big Timber, Montana

0 2 4

0

200

400

600

800

• • •••••••••••
••••••••••••••••••••

•••••••••••
••••••

•••••••••••
••••

••••
••••••••••

••••••
•• • • • • • • •

•

•

•

Gumbel plot

(c) Princeton, Indiana
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(d) Fredonia, New York
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(e) St. Leo, Florida
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(f) Goldsboro, North Carolina
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Quantile Plot:  Normal

(a) Goldsboro, North Carolina
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(b) Chico University, California
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(c) Fort Collins, Colorado
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Quantile Plot:  Normal

(d) Dillion, Minnesota
Quantiles of Standard Normal
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Quantile Plot:  Normal

(e) Fredonia, New York
Quantiles of Standard Normal
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Quantile Plot:  Normal

(f) St. Leo, Florida
Quantiles of Standard Normal
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