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Abstract

Studies have shown time series data from �nance, insurance and environment

etc. are fat tailed and clustered when extremal events occur. In order to character-

ize such extremal processes, max-stable processes or min-stable processes have been

proposed since the 1980s and some probabilistic properties have been obtained, but

applications are very limited due to the lack of eÆcient statistical estimation meth-

ods. Zhang (2001) have shown some probabilistic properties of the processes and

proposed a series of estimation procedures to estimate the underlying max-stable

processes, i.e. multivariate maxima of moving maxima processes. This work illus-

trates how to model �nancial data as moving maxima processes. Examples will be

illustrated with GE, Citibank, P�zer stock index data.

1 Introduction

There have been many attempts to characterize the possible limits for multivariate ex-

treme value distributions with unit Fr�echet margins. Examples include the point pro-

cess approach of de Haan and Resnick (1977), de Haan (1985) and Resnick(1987), and

Pickands's (1981) representation theorem. Although there are well-developed approaches

to model univariate extremal processes, problems concerning the environment, �nance

and insurance etc. are multivariate in character: for example, 
oods may occur at dif-

ferent sites along a coastline; the failure of a portfolio management may be caused by

a single extreme price movement or multiple movements. Here multivariate extreme

modeling is essential for risk management.
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Davis and Resnick (1989) studied what they called the max-autoregressive moving

average (MARMA(p; q)) process of a stationary process fXng which satisfy the MARMA

recursion,

Xn = �1Xn�1 _ � � � _ �pXn�p _ Zn _ �1Zn�1 _ � � � _ �qZn�q

for all n where �i; �j � 0; 1 � i � p; 1 � j � q and fZng is i:i:d. with common

distribution function F (x) = expf��x�1g. The case � = 1 is unit Fr�echet. For any

given f�ig; f�jg, the corresponding process is a max-stable process. A naive estimation

procedure for �i; �j's when q = 1 is given in Davis and Resnick(1989).

Deheuvels (1983) de�ned what he called the moving minimum (MM) corresponding

process as

Tn = minfÆkZn�k;�1 < k <1g;�1 < n <1;

where Æk > 0, and fZkg is i:i:d. exponential 1. If Tn is MM, then Xn = 1=Tn is a

MARMA process with p = 0 and q = 1. If a MARMA(p; q) Xn is causal, a process

is called causal if there exist non-negative constants ai such that max
i�0

(aiZn�i) < 1 a.s.

and Xn = max
i�0

(aiZn�i), then Tn = 1=Xn is MM.

Smith and Weissman (1996) extended this de�nition to a more general framework

which is more realistic and is called multivariate maxima of moving maxima (henceforth

M4) process. The de�nition is

Yid = max
l

max
k

alkdZl;i�k; d = 1; � � � ; D; (1)

where fZli; l � 1;�1 < i < 1g are an array of independent unit Fr�echet random

variables. The constants falkd; l � 1;�1 < k < 1; 1 � d � Dg are nonnegative

constants satisfying

1X
l=1

1X
k=�1

alkd = 1 for d = 1; : : : ; D (2)

Notice that M4 processes deal with D dimensional random processes whereas MM pro-

cesses deal with univariate processes (D = 1). Although MM processes are only spec-

i�ed over one index there are possibilities to easily extend to over two indexes. The

main theorem of Smith and Weissman (1996) shows that any max-stable process with-

out deterministic component may be approximated arbitrarily closely by anM4 process.

Following de Haan(1984), (1) de�nes max-stable processes because for any �nite number

r and positive constants fyidg we have
PrfYid � yid; 1 � i � r; 1 � d � Dg
= PrfZl;i�k � yid

alkd
for l � 1;�1 < k <1; 1 � i � r; 1 � d � Dg

= PrfZl;m � min
1�m�k�r�m

min
1�d�D

ym+k;d

alkd
; l � 1;�1 < m <1g

= exp[�P1

l=1

P
1

m=�1 max
1�m�k�r�m

max
1�d�D

alkd

ym+k;d
]

(3)
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This is (2.5) of Smith and Weissman (1996) and we have

PrnfYid � nyid; 1 � i � r; 1 � d � Dg = PrfYid � yid; 1 � i � r; 1 � d � Dg

which is independent of n, so the �nite-dimensional distributions of fYig are max-stable

(also called multivariate extreme value).

Recently Hall, Peng and Yao (2001) discussed moving maximum models

Yi = supfaj�iZi; �1 < i <1g

where the distribution of Zi is assumed either F (zj�) = exp(�z��) or the generalized

Pareto distribution F (zj�) = 1� (1+ z)��. Then for a �nite number of parameters, they

choose (�; a(m)) to minimize

Dm(�; a(m)) =
R
( bG(y)� kQ

i=2�m

F [minfa�1
j�i
yj;

max(i; 1) � j � min(i+m; k)gj�])2w(y)dy;
(4)

where the integral is over y = (y1; : : : ; yk) 2 Rk

+ and

bG(y) = (n� k)�1
n�kX
i=1

I
(Yi+j�1�yj for 1�j�k)

; (5)

and w is a nonnegative weight function. We state their main theorem as follows.

Theorem 1.1 Under conditions

� F has support on the positive half-line, and is in the domain of attraction of a Type

III extreme value distribution.

� each ai is nonnegative and, for some � 2 (0; r), 0 <
P

i
a
r��

i
<1.

then

sup
�1<y1;:::;yk<1

jPr(Y �

1 � y1; : : : ; Y
�

k
� ykjY1; : : : ; Yn)�Pr(Y1 � y1; : : : ; Yk � yk)j ! 0 (6)

where Y �

j
is de�ned by

Y
�

j
= supfbaj�iZ�

i
; �1 < i <1g

baj�i and b� are solutions of (4) and Z
�

i
has distribution function F (:jb�). Moreover, if

m � C4(logn)
2 for C4 suÆciently large, the rate of convergence in (6) is Op(n

�(1=2)+Æ)

for all Æ > 0.
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Our present work on the estimation ofM4 processes is somewhat parallel to Hall et al.

(2001)'s work. In contrast to the bootstrapped processes which Hall et al. (2001) used to

construct con�dence intervals and prediction intervals, we directly construct parameter

estimators and prove their asymptotic properties.

In practice we usually have l = 1; � � � ; L and �K1 � k � K2 for some �nite numbers

L, K1 and K2. When an extreme event occurs or when a large Zli occurs, Yid _ al;i�k;d

for i t k, i.e. if some Zlk is much larger than all neighboring Z values, we will have

Yid = al;i�k;dZlk for i near k. This indicates a moving pattern of the time series, call it

signature pattern. Hence L corresponds to the maximum number of signature patterns.

And K1 and K2 characterize the range of the sequence dependence. K1 +K2 + 1 is the

order of maxima moving processes. We will focus on the �nite dimensional M4 process,

Yid = max
1�l�L

max
�K1�k�K2

alkdZl;i�k; d = 1; � � � ; D; (7)

where
P

L

l=1

P
K2

k=�K1
alkd = 1 for d = 1; � � � ; D.

Under model (7), it is easy to obtain the �nite distribution of fYid; 1 � i � r; 1 �
d � Dg from (3). The goal is to estimate all parameters falkdg under the constraints that
the parameters are nonnegative and the summation is equal to 1 for each d = 1; : : : ; D.

Due to the degeneracy of the multivariate joint distribution function of the M4 pro-

cesses, the method of maximum likelihood is not applicable in this instance. We are

going to develop estimators based on the joint empirical distribution function.

The model can be rewritten as

Yi = max
1�l�L

max
�K1�k�K2

alkZl;i�k

= max
1�l�L

bl max
�K1�k�K2

clkZl;i�k (8)

where bl is the weight of l's signature pattern and such that
P

l
bl = 1 and

P
k
clk = 1 for

each l. In section 2 we illustrate procedures to estimate clks �rst and then to estimate bls

after clks are obtained. In section 3 we illustrate how to estimate alks directly. In section

4 we give two examples. The �rst example is to show the e�ectiveness of the estimating

procedures when applying to an M4 process and a mixed process of M4 and Gaussian

noise. The second example is to demonstrate how we model multivariate �nancial time

series as M4 processes.

2 Estimation based on two steps

When we plot the time series of anM4 process, we expect to have L signature patterns on

the plot. Zhang (2001) shows that Yt+m

Yt+Yt+1+���+Yt+K2+K1

= cl;�K1+m in�nitely many times

in �1 < t < 1 for each m 2 f0; 1; : : : ; K1 +K2g, if Yt follows an M4 process. These

values cl;m lead to estimates of
al;�K1+m

al;�K1
+al;�K1+1+���+al;K2

, 1 � l � L. But these estimates

are only de�ned if M4 model really is an exact model for the process. However, if the
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M4 process is viewed as an approximation to a max-stable process, rather than an exact

model, such estimators do not make sense since we would not expect to have any two

values of
Yt+m

Yt+Yt+1+���+Yt+K2+K1

are the same. Example 1 in section 4 shows the existence of

such phenomenon. As an example, we consider an M4 process with 3 signature patterns

here. Figure 1 shows three di�erent signi�cant patterns (points fall onto 3 horizontal

lines) which correspond to L = 3. As we have already seen, the plots give accurate
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Figure 1: A demo of multiple signature patterns.

estimates of the ratios. When L = 1, we can get all the exact values of ak. But for

L > 1 we cannot. Even for L = 1, we have assumed that the model assumptions are

exactly satis�ed, not something we would expect to use in practice. Also, the whole

method presupposes that the margins are transformed into unit Fr�echet margin and this

wouldn't be exact in practice, either. We need to develop estimation procedures to obtain

estimates of alk in a more practical way. We will study this in section 3.

We now assume that the model assumptions are exactly satis�ed but L is greater

than 1.

It follows immediately from (3) that P (Y1 � y1) = e
�

1
y1 and

P (Y1 � y1; Y2 � y2) = exp[�
LX
l=1

bl

2+K1X
m=1�K2

max(
cl;1�m

y1
;
cl;2�m

y2
)] (9)

where cl;K2+1 = 0; cl;�K1�1 = 0

These results tell that if we only consider the marginal distribution function it makes

no sense to our estimation problem since it has no parameter at all. Through the whole

work, we now project each original observed process into a bivariate process. And all the

theories and methods are developed under the bivariate process.

Let A1 = (0; x1)� (0; x01); � � � ; AL�1 = (0; xL�1)� (0; x0
L�1) be di�erent and de�ne

�XAj
=

1

n

nX
i=1

IAj
(Yi; Yi+1) (10)
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Since we consider �nite order moving process, we can choose pairs (Y 0

i
; Y

0

i+1) from the

observed process such that those pairs form an i:i:d time series sequence. For example,

let Y 0

1 = Y1; Y
0

2 = Y2; Y
0

3 = YK1+K2+3; Y
0

4 = YK1+K2+4; : : : ; and so on. Then by the strong

law of large numbers, we have

�XAj

a:s:�! P (Aj) = P (Y 0

1 � xj; Y
0

2 � x
0

j
): (11)

In fact, it is not necessary to insist on the pairs (Y 0

i
; Y

0

i+1) being independent if we use

all pairs (Yi; Yi+1), by strong law for M -dependent sequences we also have

�XAj

a:s:�! P (Aj) = P (Y1 � xj; Y2 � x
0

j
): (12)

Now let

exp[�
LX
l=1

bbl 2+K1X
m=1�K2

max(
cl;1�m

xj
;
cl;2�m

x0
j

)] = �XAj
; j = 1; � � � ; L� 1 (13)

then we can construct parameter estimators by solving a system of linear equations8>>>><
>>>>:

P
L

l=1
bblP2+K1

m=1�K2
max(

cl;1�m

x1
;
cl;2�m

x01
) = � log( �XA1

)
...P

L

l=1
bblP2+K1

m=1�K2
max(

cl;1�m

xL�1
;
cl;2�m

x0
L�1

) = � log( �XAL�1
)P

L

l=1
bbl = 1

(14)

We have

Theorem 2.1

p
n(bb� b)

d�! N(0; D(� +

K1+K2+1X
k=1

(Wk +W
0

k
))D0);

where

bb =

2
6664
bb1bb2
...bbL

3
7775 ;b =

2
6664
b1

b2
...

bL

3
7775 ; D =

2
6664
d11=�1 d12=�2 � � � d1;L�1=�L�1

d21=�1 d22=�2 � � � d2;L�1=�L�1
...

...
. . .

...

dL;1=�1 dL;2=�2 � � � dL;L�1=�L�1

3
7775 :

�i = Pr(Y1 � 1; Y2 � xi), �ij = Pr(Y1 � 1; Y2 � min(xi; xj)), the elements of �:

�ij = �ij � �i�j,

w
ij

k
= Pr(Y1 � 1; Y2 � xi; Y1+k � 1; Y2+k � xj)��i�j, �ii = �i: and the dlks are elements

of the inverse of the matrix constructed from (14).

Note: the limiting covariance matrix is singular because
P

L

l=1
bbl = 1.
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3 Direct Estimation

The methods developed in previous sections may be just the ideal. In practice we may

not be able to estimate the ratios accurately as stated in the previous section, especially

when the data are with error or the process is a mix of M4 and noise. In this section,

we will develop methods which can be applied to estimate alk directly. The estimators

are the solution of the system of nonlinear equations.8>>>>><
>>>>>:

P
L

l=1

P2+K1

m=1�K2
max(

bal;1�m

x1
;
bal;2�m

x01
) = � log( �XA1

)P
L

l=1

P2+K1

m=1�K2
max(

bal;1�m

x2
;
bal;2�m

x02
) = � log( �XA2

)
...P

L

l=1

P2+K1

m=1�K2
max(

bal;1�m

xL�(K1+K2+1)
;

bal;2�m

x0
L�(K1+K2+1)

) = � log( �XAL�(K1+K2+1)
)

For the simplicity, consider now the case of L = 1 and study the structure of the

bivariate distribution function

P (Y1 � y1; Y2 � y2) = exp[�
2+K1X

m=1�K2

max(
a1�m

y1
;
a2�m

y2
)] (15)

where aK2+1 = 0; a�K1�1 = 0. Now de�ne

q(x) = a�K1
+

K2�1X
j=�K1

max(xaj; aj+1) + xaK2
; (16)

then P (Y1 � 1; Y2 � x) = exp[�q(x)=x].
As an example, consider the process

Yi = max(
1

3
Zi�2;

1

6
Zi�1;

1

6
Zi;

1

3
Zi+1)

In this case, q(x) is as in Figure 2. The plot tells at each change point the slope of

the q(x) changes to a larger value and is eventually 1. Each change point corresponds to

a ratio of two adjacent parameters. The plot also enable us to choose a �nite number of

points such that we can draw piecewise straight line and hence determine the parameter

ratios and solve for their values.

The following proposition gives a suÆcient condition that we can determine all pa-

rameter values from the q(x) function.

Proposition 3.1 If all
�
K1+K2+1

2

�
ratios

aj

aj0
are distinct, the model is uniquely identi�ed

by q(x).

Zhang (2001) has studied general cases on q(x) and some complicated models. The

following results are restrict to the case of L = 1. The proofs and more general cases can

be found in Zhang (2001).
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Figure 2: A demo of q(x) and its slope q0(x) and ratio change points.

We de�ne

aK2
+ max(aK2�1;

aK2

x
) + max(aK2�2;

aK2�1

x
)

+ max(aK2�3;
aK2�2

x
) + � � �+max(a�K1

;
a�K1+1

x
) +

a�K1

x
= b(x) (17)

then we have q(x) = xb(x). Let Y1; Y2; � � � ; Yn be observed values and

bb(x) = � log(
1

n

nX
i=1

I(Yi�1;Yi+1�x)); (18)

then bq(x) = xbb(x).
Suppose the solutions of

8>>>>><
>>>>>:

aK2
+ max(aK2�1;

aK2

x1
) + max(aK2�2;

aK2�1

x1
)

+ max(aK2�3;
aK2�2

x1
) + � � �+max(a�K1

;
a
�K1+1

x1
) +

a
�K1

x1
= bb!(x1)

� � � � � �
aK2

+ max(aK2�1;
aK2

xm
) + max(aK2�2;

aK2�1

xm
)

+ max(aK2�3;
aK2�2

xm
) + � � �+max(a�K1

;
a
�K1+1

xm
) +

a
�K1

xm
= bb!(xm)

(19)

are ba!. This is equivalent to Cn!ba! = bb! in matrix notations where Cn! is uniquely
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determined by ba!. The elements of Cn! are either 1, 1
xi
or 1 + 1

xi
. And the solutions of8>>>><

>>>>:

aK2
+ max(aK2�1;

aK2

x1
) + max(aK2�2;

aK2�1

x1
)

+ max(aK2�3;
aK2�2

x1
) + � � �+max(a�K1

;
a
�K1+1

x1
) +

a
�K1

x1
= b(x1)

� � � � � �
aK2

+ max(aK2�1;
aK2

xm
) + max(aK2�2;

aK2�1

xm
)

+ max(aK2�3;
aK2�2

xm
) + � � �+max(a�K1

;
a
�K1+1

xm
) +

a
�K1

xm
= b(xm)

(20)

are a.

Theorem 3.2 Suppose the model is identi�able from x1; : : : ; xm, where these values are

di�erent from the ratios of true parameters, then the solutions of (19) converge to the

solutions of (20) almost surely. i.e. ba a:s:�! a and Cn

a:s:�! C.

Theorem 3.3 Suppose the model is identi�able from x1; : : : ; xm, where these values are

di�erent from the ratios of true parameters, then

p
n(ba� a)

d�! N(0; BD(� +

K1+K2+1X
k=1

(Wk +W
0

k
))D0

B
0)

where B = (C 0
C)�1C, �i = Pr(Y1 � 1; Y2 � xi), �ij = Pr(Y1 � 1; Y2 � min(xi; xj)),

�ij = �ij � �i�j, w
ij

k
= Pr(Y1 � 1; Y2 � xi; Y1+k � 1; Y2+k � xj) � �i�j, �ii = �i, and

D = diagf 1
�1
; � � � ; 1

�m
g.

4 Examples

In this section we give two examples. The �rst example illustrates a simulatedM4 process

with two signature patterns where each pattern has order of 2 and we also add Gaussian

noise. In the second one, we study negative stock price returns of three stock products,

i.e. GE, Citibank and P�zer.

Example 1. We perform two simulation experiments with the following two processes.

Yi = max(:1Z1;i�1; :4Z1;i; :35Z2;i�1; :15Z2;i) (21)

and

Yi = max(:1Z1;i�1; :4Z1;i; :35Z2;i�1; :15Z2;i) +Ni (22)

where Ni � N(0; :01) are i:i:d:

We plot the ratios Yi

Yi+Yi+1
for both models. Plots in Figure 3 look almost exactly the

same. However, when a portion of the plot is magni�ed, as in Figure 4, we can see the

di�erence.

We now apply estimating methods developed in previous sections and list all results

in the following tables.
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Figure 3: The left plot is the ratios of Yi

Yi+Yi+1
at the threshold level 10 under the model

(21). The right plot is the ratios of Yi

Yi+Yi+1
at the threshold level 10 under the model

(22).

0 1000 2000 3000 4000 5000 6000
0.2988

0.299

0.2992

0.2994

0.2996

0.2998

0.3

0.3002

0 1000 2000 3000 4000 5000 6000
0.2985

0.299

0.2995

0.3

0.3005

0.301

Figure 4: The left plot is the ratios around .3 with distance .01 at the threshold level 10

under the model (21). The right plot is the ratios .3 with distance .01 at the threshold

level 10 under the model (22).
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Table 1. Simulation results for model (21)

Parameter a1;�1 a1;0 a2;�1 a2;0

True value .1 .4 .35 .15

Estimated value .0912 .3247 .3747 .2170

Variance (1.8365) (26.5205) (32.4965) (7.0202)

Table 2. Simulation results for model (22)

Parameter a1;�1 a1;0 a2;�1 a2;0

True value .1 .4 .35 .15

Estimated value .0958 .3437 .3477 .2258

Variance (1.8592) (27.2590) (33.7253) (7.0585)

The estimated values are based on a sample of size 10000. The variances are obtained

by evaluating the formula in Theorem 3.3 with the true values approximated by the em-

pirical values. These simulation experiments show that the e�ectiveness of the estimating

procedures proposed. Notice that the variance values are large. One main reason is that

we use the empirical distribution function as the �rst step to estimate probability. Then

we transform them into a logarithmic scale which results in a large variance since all

probability are less than 1, especially for those small probability values which correspond

to extreme events.

Example 2. In this example we model stock prices of GE, CITIBANK and P�zer as an

M4 process. Parameter estimates are based on a multivariate time series of approximately

7000 days. We �rst plot the three time series and transform the negative returns into

Fr�echet scale by �rst �tting all values above certain threshold(.02 is used in this study).

Further diagnostics are applied in order to apply M4 process modeling.

The underlying idea behind these analysis of Figure 8 is the point-process approach

to univariate extreme value modeling due to Smith (1989). Smith and Shively (1995)

introduced a number of diagnostic devices to examine the �t of the generalized extreme

value distributions. One idea is based on what we shall call Z-statistics

Zk =

Z
Tk

Tk�1

�s(u)ds

where Tk denotes the time of the k'th exceedance of u. �t(x) is given by

�t(x) = (1 + �t
x� �t

 t

)
�1=�t
+

the intensity of a nonhomogeneous Poisson process of exceedances of a level x. If the

model is correct, then Z1; Z2; : : : ; will be independent exponentially distributed random

variables with mean 1. The Z-statistics are an indication of how closely the exceedances

of a �xed level u are represented by a nonhomogeneous Poisson process, but they do not
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Figure 5: These �gures show that there are extreme observations and the greatest drop

happened in the same day in all three time series, i.e. October 19, 1987, the date of the

Wall Street crash.
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Figure 6: The mean excess plot usually suggests whether a extreme value distribution

�tting is appropriate or not. The plot for the P�zer data suggests extreme value distri-

bution �tting since the plot is contained in its corresponding con�dence interval. The

other two are more doubtful since the plot goes outside the con�dence bands, though

further analysis shows that the extreme value approximation is reasonable in this case

also.
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Figure 7: The negative returns after transformed into unit Fr�echet scale.
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test the generalized Pareto distribution assumption for the distribution of excesses over

the threshold. This can be done via W -statistics:

Wk =
1

�Tk

log[1 + �Tk

Yk � u

 Tk
+ �Tkfu� �Tkg

]

Then W1;W2; ::: are also independent exponential random variables with mean 1, if the

model is correct. These techniques have been broadly used in model diagnostics, for

example, Tsay (1999), Smith and Goodman (2000).

We observe throughout that the \observed" values are larger than the \expected",

and therefore we conclude that the variables are dependent. We use the M4 process to

model that dependence. Table 3 contains partial information in these plots and other

diagnostic results.

Series 1 Series 2 Lag Expected Observed z statistics

P�zer P�zer 1 38.3 64 2

GE GE 1 16.1 31 2

CITIBANK CITIBANK 1 49.2 80 3

P�zer GE -1 24.8 41 2

P�zer GE 0 24.8 127 14

P�zer CITIBANK -1 43.4 74 3

P�zer CITIBANK 0 43.4 145 10

P�zer CITIBANK 1 43.4 63 2

GE CITIBANK -1 28.2 49 2

GE CITIBANK 0 28.1 146 15

GE CITIBANK 1 28.2 48 2

Table 3. Mutual exceedance statistics. Tabulated are the names of the two series, the

lag by which series 1 leads series 2, and the expected and observed number of mutual

exceedances.

The last column shows the integer value of a z statistic calculated under a Poisson

assumption: only entries for which z > 2 are shown.

All the �gures and the table suggest an M4 process �tting may be a good choice for

�nancial time series data with multivariate temporal dependence.

Figure 7 and 9 suggest that a model of 3 signature patterns. Two of these have order

of 2, corresponding to drops happened in two consecutive days, and the other one has

order of 1, which corresponds to a single drop.

We now use the following model to �t the data.

Yid = max(a1;�1Z1;i�1; a1;0Z1;i;

a2;�1Z2;i�1; a2;0Z2;i;

a3;0Z3;i)

(23)

We summarize all the estimated values in the following table.
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Figure 8: W -plots show a generalized extreme value distribution �tting is appropriate.

Some caution should be given since a few points, partly the result of Oct87 crash, are

away from the straight line.
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Figure 9: (i) All plots are based on Fr�echet transformed exceedances of a high threshold

based on negative log returns ( so they represent price drops, not price rises); (ii) the

purpose of the plots is to look for dependence among neighboring values; (iii) the numbers

in parentheses show expected and observed numbers of simultaneous exceedances by the

two variables, where \expected" is calculated on an independence assumption.
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Table 4. Estimations for Moving Maxima Process Modeling

Parameter a1;�1 a1;0 a2;�1 a2;0 a3;0

GE .0034 .0026 .0601 .0267 .9072

CITIBANK .0017 .0017 .0692 .0641 .8632

P�zer .0042 .0016 .0805 .0377 .8760

This table is constructed based on the probability properties of M4 processes. Es-

timating variance may not be appropriate since there are few observed values in one

pattern in every time series studied here. Threshold method or methods based on mul-

tivariate domain of attraction may be other choices to estimate all parameters. Zhang

(2001) have developed related theory and methodology.

5 Discussion

The methods described in this paper represent a completely new approach to the model-

ing of �nancial time series data. The main goal here is to propose an approach which can

eÆciently model multivariate time series which are both spatial and temporal dependent.

The results obtained can be used in many ways. For example, results from example 2

can be used to compute VaR or to optimize the portfolio under VaR constraints. Studies

have shown �nancial data are fat tailed. They are not normally distributed. Compare

with traditional assumption of normality of underlying distribution. These results pro-

vide more information to risk managers who may be most interested in the situation

when an extreme price movement occurs what kind of risk the company is exposed to.

The methods described can be used to other �elds, such as modeling insurance data,

environment data etc. Applications to VaR are being developed in future work which is

ongoing.
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